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Abstract 
A method for sensitivity analysis of stationary random vibration is proposed within the framework of 
pseudo-excitation method (PEM). As the stationary random vibration analysis is transformed into harmonic vibration 
analysisˈtherefore the sensitivity analysis of stationary random responses is transformed into sensitivity analysis of 
pseudo harmonic responses of structures subjected to pseudo harmonic excitations. Using the PEM principle once 
again, the formulae for calculating the sensitivities of power spectrum density (PSD) and variances of random 
responses are derived. Based on the above work, the study of statistical characteristics of stationary random responses 
for structures with uncertain parameters is carried out. 
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1. Introduction 
The random vibration analysis of structures with uncertain parameters subject to random excitations has 
received much attention in recent years, and various methods for solving this problem have been proposed. 
Generally speaking, these methods can be specified as Monte Carlo simulation (Chakraborty and Dey 1996 
1998, Zhao and Chen 2000, Bhattacharyya and Chakraborty 2002), orthogonal expansion methods (Jensen 
and Iwan 1992, Papadimitriou and Katafygiotis 1995) and perturbation methods (Lin and Yi 2001, 
Hosseini and Khadem 2007, ĝniady et al. 2008). Although Monte Carlo simulation can be used in such 
GRXEOH stochastic problems, it requires a large number of samples to guarantee the accuracy of results, 
which leads to very low computational efficiency. In the orthogonal expansion method, the structural 
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response is expanded in terms of a series of orthogonal polynomials to obtain statistics of the stochastic 
response. If the problem involves many stochastic parameters, or if some stochastic parameters have large 
coefficients of variation (COV), the orthogonal polynomial will include many terms so that the 
computational cost will increase  remarkably. The perturbation method has advantages in practical 
applications because of its high efficiency and simplicity. The accuracy of sensitivity analysis for random 
responses is the decisive factor for the reliability of the perturbation method.  
In this paper, the perturbation method is combined with PEM (Lin et al. 2001 2005, Zhao and Lin 2008) 
to study the statistical characteristics of responses for structures with uncertain parameters subject to 
stationary random excitations. Not only will the computational accuracy increase, but  also the analysis 
scale can meet the requirements of practical engineering structures. The vibration analysis of stationary 
random excitations can be transformed by PEM to the analysis of harmonic excitations. Similarly, the 
double random problems can be transformed into single random problems. Accurate formulae for the 
sensitivities of structural stochastic responses are deduced within the framework of accurate and efficient 
PEM to give the perturbation expressions. Finally, the method is applied to a space truss under stationary 
random excitations to calculate the mean values and standard deviations of the variances of structural 
responses. The accuracy of the proposed method is illustrated by comparison with Monte Carlo simulation.  
2. Pseudo Excitation Method for Stationary Random Responses with Uncertain Parameters 
The equations of motion for linear structures with uncertain parameters subjected to stationary random 
excitations are 
( ) ( , ) ( ) ( , ) ( ) ( , ) ( )t t t t   0 Į \ Į & Į \ Į . Į \ Į )                 (1) 
Constituting the pseudo-excitation i0( ) = ( )
t
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According to PEM, the PSD matrix of the random displacement vector ( , )Z\ Į  is (Lin et al. 2001 
2005) 
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The variance of the response is 
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3. Sensitivities for stationary random responses with respect to uncertain structural parameters 
3.1. The Sensitivities for Pseudo-responses with Respect to Uncertain Parameters 
If ĭD  is the modal matrix consisting of the first q normalized modes, then setting  \ ĭ X D  gives 
the modal equation of motion  
  ˆ ˆ( ) ( ) ( ) ( ) ( ) ( )tZ Z Z     X & Į X . Į X  ID D D          (5) 
The first order sensitivity of the \  with respect to the uncertain parameter iD  is 
i i iD D D
w w w w  
w w w w
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 D
                     (6) 
where 
iD
w
w
X
 is the first order sensitivity of the modal pseudo-displacement.  
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Furthermore, the second sensitivities of the \  with respect to the uncertain parameters can be similarly 
derived as 
2 2
i j j i i jD D D D D D
§ ·w w w w  ¨ ¸w w w w w w© ¹
\ X Xĭ ĭ
  
D D                  (7) 
The higher order sensitivities of pseudo-displacement can be determined in this way, and are not listed 
here. Solving Eq. (5) gives the pseudo modal displacement response  
  ˆ ( , ) (t)Z X + Į I                     (8) 
in which matrix ˆ ( , )Z+ Į  is the modal frequency response function matrix.  
The modal dynamic stiffness matrix is 
  T 2ˆ ˆ ˆ( , ) = ( , ) iZ Z Z Z * Į ĭ * Į ĭ ,  &  .D D          (9) 
which satisfies  
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Taking the derivative of Eq. (10) with respect to the uncertain parameter iD  gives 
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Then, the sensitivity of +ˆ with respect to uncertain structural parameter iD  is  
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is the sensitivity of the modal dynamic stiffness matrix. 
It is assumed that the stochastic parameters are independent of the random excitations. Thus, the first 
and second order sensitivities of the modal pseudo-displacement X  are 
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3.2. The Sensitivities of PSD and Variance of Stationary Random Response with Respect to Uncertain 
Parameters 
From Eq. (3), the first and second order sensitivities of PSD with respect to the uncertain parameters are 
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From Eq. (4), the first and second order sensitivities of variance with respect to uncertain parameters are 
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4. Statistical characteristics of stationary random responses for structures with uncertain    
parameters  
Using Taylor expansion, the random response ( )u Į  can be expanded at its mean value point D . 
The third order perturbation expression would be 
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The mean value of the random response u  is 
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The variance of the random response u  is  
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Substituting the statistical characteristics of the random parameters and the sensitivities of the random 
responses into the perturbation expressions, the mean values and the variances of the random responses can 
be determined. The second order perturbation scheme, as above, has been derived as an example. Higher 
order perturbation schemes can be derived similarly, and the higher order perturbation solutions of the PSD 
and variances can also be determined similarly. 
5. Numerical examples 
The space truss shown in Fig. 1 has 20 nodes and 72 elements, is symmetrical about the planes XZ and 
YZ, and remains unaltered if rotated by 90º about the Z axis. Each layer is 5m high. The edge bars at the top 
layer are 2m long, while those of the lower layers increase by 2m for each layer, so that the distance 
between adjacent nodes at the bottom layer is 10m. The mass of all bars is neglected, and a lumped mass of 
1000 kg is attached to each node. The truss is subjected to a stationary inertia acceleration excitation in the 
direction of the Y axis. Ten modes were taken for mode superposition. Comparisons are made between 
PEPM (Pseudo-Excitation Perturbation Method) and Monte Carlo simulation, using 5000 samples for three 
cases, as follows.  
Y. Zhao and F.Y. Wang / Procedia Engineering 14 (2011) 2475–2480 2479
 
   
Fig. 1. Space truss 
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Fig. 2. Comparison for Y displacement at node 20, for different COV, of: (a) mean value of variance E[v(Y20)] and; (b) SD of 
variance D[v(Y20)]. On (a) and (b) the curves, reading from the top at the right-hand side, are Monte Carlo simulation and for the fifth, 
fourth, third, second and first order PEPM. 
Taking the elastic modulus of all the bars of the structure as one random variable, the mean value and 
standard deviation (SD) of the response variance of the Y displacement at node 20 were calculated for 
different COV. The comparative results from PEPM and Monte Carlo simulation are shown in Fig.2. It is 
seen that for a small COV (< 0.1), the second order PEPM is accurate enough, e.g. its relative errors at COV 
= 0.1 are 0.03% and 2.97% for, respectively, the mean value and SD of displacement variance. These errors 
of the PEPM increase with increasing COV, but third order PEPM still yields high accuracy results, e.g. its 
error at COV = 0.2 is 0.57% for the mean value and 4.76% for the SD. The third order PEPM results 
efficiently improve the accuracy of the SD of the response variance. It can be seen that the second 
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summation in Eq. (21) contains coupling terms between the first and third order sensitivities of the random 
responses, so that fourth order accuracy of the variance of random responses requires third order Taylor 
expansion.  
6. Conclusions 
The accurate formulae for sensitivity analysis of the structural responses are deduced within the 
framework of PEM. The perturbation expressions for structural random responses are given by Taylor 
expansion. Those formulae were successfully used in calculating the statistical characteristics of the 
stochastic responses of a structure with uncertain parameters subjected to stationary random excitations.  
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